Abstract. This paper studies a simple model of conductivity-a quantum particle (an atom) in a lattice, subject to a static field and interacting with the bath of Bose atoms. Results from direct numerical simulations of the system dynamics and statistical analysis of the eigenstates are compared with predictions from linear response theory, analytical solutions of the master equation, and the theory of quantum chaos. It is shown, in particular, that the behavior of the current-current correlation function, entering Kubo's equation, is entirely defined by the chaotic properties of the system and that the phenomenological relaxation constant, entering the master equation, is actually encoded in this correlation function.
Introduction
The ordinary conductivity in metals has been a topic of continuous interest since the early days of quantum mechanics. Following the historical development, one can distinguish three main theoretical approaches to this phenomenon. The first, most traditional and most elaborated one is based on linear response theory [1, 2] . It relates the directed current in the presence of a weak electric field to current fluctuations in the absence of the field. The second approach, not limited to weak fields, is the so-called master equation approach [3, 4] . It involves the notion of Bloch oscillations and has been quite successful in explaining the negative differential conductance in semiconductor superlattices. The third, most recently developed approach is the 'quantum chaos approach'. It uses ideas of quantum chaos, a modern branch of quantum mechanics dealing with complex (nonintegrable) systems [5] - [7] , to explain the transport properties of some model systems [2] , [8] - [10] .
Although all listed theories address the same phenomenon of conductivity, they refer to very different solid-state systems from the viewpoint of laboratory implementations and, because of this, remain largely unrelated. Recently, the problem of ordinary conductivity has been readdressed with respect to cold atoms in optical lattices [11, 12] . This system offers new measurement facilities and excellent control over the parameters, which allow experimentalists to realize different situations, required for verification of either of the above theories. This also creates an opportunity for studying the hidden links between different approaches. In the present work we look for these links numerically, by analyzing a simple model of atomic conductivity suggested in [12] . In particular, we show that the behavior of the current-current correlation function, entering Kubo's equation, is entirely
Here H s is the particle Hamiltonian, with J s being the hopping matrix element, F the magnitude of a static field, and d the lattice period. The bath of Bose atoms is described by the Bose-Hubbard Hamiltonian H b , where J b and U b are the tunneling and interaction constants, respectively. Note that comparing to [12] we additionally introduce in H b random on-site energies gξ l , |ξ l | ≤ 1/2. This is done to break the trivial global integral of the Bose-Hubbard model, the total quasimomentum, which enhances the chaotic properties of the bath 1 . Finally, H int in equation (1) corresponds to collisions of our particle with Bose atoms. It is further assumed that the bath is initially in the thermal state, i.e.,ρ
whereρ b (t) is the reduced density matrix of the bath. In our numerical simulations we capture this situation by considering the bath initial state in the form
where E (b) n and ψ (b) n are eigenenergies and eigenstates of H b and φ n are some random phases, over which any result or expression should be averaged.
Throughout the paper we use dimensionless variables, where Planck's constant and the lattice period d are set to unity and the energy scale is given by the particle hopping matrix element, i.e., J s = 1. As numerical methods we used the fourth-order RungeKutta method with fixed step length to solve the time-dependent Schrödinger equation and the standard diagonalization procedure from the MATLAB package to solve the timeindependent Schrödinger equation. All calculations were done on a MacBook with an Intel Core 2 Duo processor.
Thermalization
We begin with considering the thermalization process for F = 0. Formally, the thermalization means that any product state, |Ψ = |ψ s ⊗ |ψ b , evolves into a highly entangled state, so the particle's reduced density matrix,
tends to a diagonal matrix in the Bloch basis when t → ∞. Here and below, the bar denotes an average over random phases φ n in equation (3) . As mentioned earlier, this average ensures thatρ b (t = 0) is the thermal state. It is seen in figure 1 that after t * ≈ 8 the particle has relaxed into the thermal stateρ s ,
where, since k B T J s , all Bloch states are equally populated. The rate of relaxation in this state is mainly defined by the constant U, which we try to keep as small as possible. We also mention that in the numerical simulation discussed we did not use an ensemble average. For this reason off-diagonal elements of the reduced density matrix do not vanish completely but fluctuate around zero. One can make these fluctuations arbitrarily small either by increasing the system size or by using an ensemble average over random phases φ n .
Thermalization condition
Intuitively, the thermalization, observed in numerical simulations in section 3, implies system (1) to be a fully chaotic system and there is strong evidence that this is indeed the case. Figure 2 presents results of statistical analysis of the spectrum, E n , and eigenstates, |Ψ n , of the system (1) for the same parameters as for figure 1 except L = 6, N = 5 (the total Hilbert space dimension N = 1512). The upper left and lower panels in figure 2 show the density of states, f (E), and the integrated distribution function, I(s) = s 0 P (s ) ds , for the normalized distance between neighboring levels, s = (E n+1 − E n )f (E n ). It is seen that the level spacing distribution perfectly follows the Wigner-Dyson distribution, which is a hallmark of quantum chaos [5] - [7] . E min < E n < E max , marked by the solid line in the upper left panel, was used for statistics.) Additionally, the upper right panel in figure 2 shows the local density of states,
which is seen to follow the Breit-Wigner distribution,
with Γ(U = 0.2) ≈ 8. Note that the result (7) implies exponential decay of any product state, which is consistent with the result depicted in the lower panel in figure 1.
Current-current correlation function
Next we study the current-current correlation function
whereĵ is the particle's current operator andρ tot is the equilibrium density matrix of the whole system. To find the correlation function (8) numerically we generate randomly the product state |Ψ = |ψ s ⊗ |ψ b with |ψ b given in (3), evolve it over time until the system gets thermalized, and then calculate the mean
The result is depicted in figure 3 , which shows the real (solid line) and imaginary (dashed line) parts of R(τ ). The figure inset shows the absolute value of R(τ ) in logarithmic scale.
It is seen in figure 3 that the correlation function can be approximated by
where γ is some decay constant. A remark about the ensemble averaging is in order. In this and following two sections, to reduce statistical fluctuations, we use an ensemble consisting of 10 different realizations of the phases φ n . Generally, the larger the system size, the smaller the ensemble required. This indicates an equivalence between the canonical and microcanonical ensembles in the thermodynamic limit. For further discussion of this issue we refer the reader to the work [16] .
Decay constant
A great advantage of having a chaotic reservoir is that one can relate the decay constant γ in equation (10) to the distribution of the matrix elements for the current operator, j m,n = Ψ m |ĵ|Ψ n . Indeed, expanding |Ψ(t * ) in (9) in the eigenbasis of the system (1),
Then, approximating c
we obtain
Finally, considering the real part of the Fourier transform of R(τ ),
Figure 4 comparesσ(ω) calculated according to the left-hand side (dots) and right-hand side (solid line) of equation (14), where the constant γ was determined by approximating data in figure 3 by an exponential function. A nice coincidence of the curves allows us to put forward a conjecture that the developed (quantum) chaos necessarily implies an exponential decay of the current-current correlation function and, vice versa, the exponential decay of correlation functions implies the system to be fully chaotic.
Low-temperature limit
Up to now we were concerned with the high-temperature limit, where k B T J s and the bath states |ψ thermal state with a uniform distribution over quasimomenta κ = 2πk/L. In this section we consider k B T = 2, which is comparable with the particle Bloch bandwidth. In this case we expect the reduced density matrixρ s (t) to approach the diagonal matrix (5) with Boltzmann's distribution over different quasimomentum states. Numerical simulations of the system dynamics confirm this expectation, although generally there are some deviations from Boltzmann's distribution, which we attribute to a finite size of our bath. Note that even for a relatively small bath with N b ∼ 1000 one can eliminate these deviations by choosing the particle's initial state |ψ s to be a Boltzmann-like state, i.e., |ψ
k . Then there is no energy flow between the particle and the bath, and thermalization manifests itself only in the decay of off-diagonal elements of the reduced density matrix. Figure 5 illustrates the thermalization process for k B T = 2 and a Boltzmann-like initial state of the particle. Unlike for figure 1, where k B T = 200, the reduced density matrix now relaxes into the thermal state with unequal populations of the quasimomentum states. In addition, figure 6 shows the correlation function (8) . It is seen that R(τ ) can again be approximated by an exponential function, however, with slightly smaller exponent γ.
Kubo versus master equation approach
It is interesting to compare the conductivity calculated according to the Kubo equation, with that calculated by using the master equation approach. In this paper we restrict ourselves to DC conductivity, σ 0 ≡ σ(ω = 0), where equation (15) reduces to
In equation (16)ρ s =ρ s (β) is the thermal density matrix (5) and we have introduced a function F (βJ s ), which captures the overall dependence of σ 0 on the temperature. In the limit L → ∞ it can be explicitly expressed through Bessel functions of the first kind as
To find the DC conductivity by using the master equation approach one solves the master equation on the reduced density matrix:
where H s is the particle Hamiltonian in the presence of a static field end L(ρ s ) is the relaxation term, which takes into account the effect of a bath 2 . The simplest choice of the relaxation term corresponds to
where, as before,ρ s is the equilibrium density matrix in the absence of a static field and γ the rate of relaxation into this thermal state. (For reasons which will be clear in a moment, we use the same letter γ as was used earlier in equation (10) to characterize the decay of the current-current correlation function.) The master equation (17) with the relaxation term (18) can be solved analytically [4] , resulting in the Esaki-Tsu expression for the drift current,
It is easy to see that in the limit of small F , which is the parameter region that the linear response theory refers to, equation (19) takes the formj = σ 0 F , with σ 0 given in equation (16) . The presented analysis indicates that the relaxation rate γ, entering the master equation, should be identified with the decay exponent for the current-current correlation function.
Drift current
In this section we compare the analytical prediction (19) with the results of numerical simulation of the drift current. In this simulation we use gauge transformation 3 , which transforms the particle Hamiltonian to
and then solve Schrödinger's equation with the Hamiltonian H(t) = H s (t) + H b + H int .
Note that now the energy E(t) = Ψ(t)| H(t)|Ψ(t)
is not conserved, although the original system (1) is conservative. Physically this new energy corresponds to the total (conserved) energy minus the particle Stark energy. figure 6 .) The dashed and dashdotted lines are the energy E(t) and the mean energy of the bath, E b (t) = Ψ(t)| H b |Ψ(t) . As expected, the driven particle raises the bath energy. (Roughly, a change in the bath energy obeys the equation ∂E b /∂t = Fj [12] .) For a finite bath an increase in its energy means an increase in its temperature which, in turn, leads to a decrease in the drift current. With this remark in mind, the agreement between analytical and numerical results is quite satisfactory. For a better comparison of the theory with numerical experiment one should use a larger bath, where one can neglect a change in the bath temperature.
Upper panels in the figures show the reduced density matrixρ s (t) at the end of numerical simulations. It is seen that the quasimomentum distribution, given by diagonal elements of the stationary density matrix in the Bloch basis, strongly differs from the equilibrium distribution in the absence of a static field (asterisks). This is because the chosen values of F are comparable with γ, i.e., we are beyond the linear response regime. Strictly speaking, in this regime one cannot use an approximation (18) for the relaxation term, which is justified only if the deviation from thermal equilibrium is small. In the work [17] we discuss a more sophisticated relaxation term, which is valid for arbitrarily strong F . Comparing with (18), this improvement of the master equation essentially modifies the stationary quasimomentum distribution, in agreement with the observed result. As regards the drift current, which is an integrated characteristic of the quasimomentum distribution, the correction is found to be relatively small and the drift current can be well approximated by the Esaki-Tsu equation (19).
Conclusions
In conclusion, we have studied a simple model of atomic conductivity (1) from the viewpoints of the linear response theory, the master equation for the reduced density matrix, and quantum chaos. Briefly, the main result of these studies can be summarized in one sentence: ordinary (atomic) conductivity implies ordinary (quantum) chaos.
We would like to mention that with respect to many-body system this conjecture in the reversed order (i.e., the presence of chaos assumes normal transport) was put forward in [9, 10] , where the authors studied a model similar to ours. Those studies, however, were restricted to linear response theory and spectral analysis of the system. In the present work we accomplish the spectral analysis by direct numerical simulations of the system dynamics. These numerical simulations uncover intrinsic relations between thermalization and chaotic properties of the eigenstates (sections 3 and 4), an exponential decay of the current-current correlation function and statistics of the matrix elements for the current operator (sections 5 and 6), and solutions of the master equation and Kubo's equation (sections 8 and 9). Taken together, all these results strongly support our conclusion that quantum chaos is a necessary and sufficient condition for ordinary conductivity with cold atoms in an optical lattice.
As a further verification of this statement it would be interesting to study situations where the system (1) is not a chaotic system or not a fully chaotic system, for example, where the bath consists of non-interacting Bose atoms or Fermi atoms. As follows from the results of section 6, this should be reflected in non-exponential decay of the current-current correlation function and, hence, in a deviation from the Esaki-Tsu law. It is worth mentioning that the case of a 'regular' bath is actually more difficult for numerical analysis than the case of a 'chaotic' bath, considered in the present work. The reason for this is that for a small bath even a weak interaction of the particle with the bath typically makes the whole system chaotic. It is not clear how this effect vanishes, if it vanishes at all, in the thermodynamic limit N, L → ∞, N/L = const. Thus a thorough control over convergence of the thermodynamic limit is required [10] . This problem is deferred to future studies.
